Quasiparticle energies of small alkali-metal clusters (Li n , Na n , K n ; nϭ2,4,6,8͒ are evaluated from first principles by means of the GW approximation with the generalized plasmon-pole model. An all-electron mixed-basis approach, in which wave function is represented as a linear combination of both plane waves and atomic orbitals, is adopted in the calculation. Obtained quasiparticle energies ͑ionization potential and electron affinity͒ are in good agreement with available experimental data.
I. INTRODUCTION
Alkali-metal clusters have been widely studied since the 1980's both theoretically and experimentally. 1 Many ab initio theoretical studies have been performed on the basis of density functional theory 2 within the local density approximation ͑LDA͒ 3 which has been recognized to be a very good approximation for ground state properties of materials. However, it has also been recognized that the energy gap between the LDA eigenvalues of the highest occupied molecular orbital ͑HOMO͒ and the lowest unoccupied molecular orbital ͑LUMO͒ levels is much smaller than the experimental energy gap. According to Koopmans theorem, the absolute value of the HOMO ͑LUMO͒ energy equals an ionization potential ͓an electron affinity ͑EA͔͒, but the corresponding LDA eingenvalue of the HOMO level underestimates the experimental ionization potential and that of the LUMO level overestimates the experimental electron affinity. As a result, the energy gap estimated from the LDA eigenvalues becomes much smaller than that of the experimental value. This is because one cannot directly interpret LDA eigenvalues as one-particle quasiparticle energies ͑cf. Janak theorem͒.
It has been recognized that the effect of the self-energy corrections is important to reproduce the energy gap of molecules. 4 This is also at the origin of bad descriptions of three electron-two center systems recently discussed by Chermette et al. 5 It can be cured in a simple approximate way through the Slater's transition state approach, as shown recently by Liberman. 6 In addition, there are two methods to evaluate the quasiparticle energies such as ionization potential ͑IP͒ ͑EA͒ correctly. One is to calculate the total energies of neutral and positively ͑negatively͒ charged system and to take the energy difference ͑for IP of lithium clusters, see Ref.
7͒. However, three times calculations of total energy are needed for the evaluatation of both IP and EA and the results for IP are about 0.2 eV off from the experimental values. Another method is the Green's function approach, going beyond the ground state.
One such theory is the GW approximation ͑GWA͒ 8,9 for the one-electron self-energy. Saito et al. 10 performed GW calculations for sodium and potassium clusters by using a jellium background model. The state-of-the art GW calculations for real inhomogeneous systems were first performed by Hybertsen and Louie 9 and later by Godby et al. 11 for many typical semicondoctors. Since then, many calculations have been successfully done for various crystalline semiconductors and insulators, and their surfaces. 12 In contrast to these studies on bulk systems, there has been published only a limited number of papers for isolated systems so far. By means of a pseudopotential plane wave approach, Shirley and Martin 13 performed GW calculation for atoms, and Onida et al. 14 9 to approximate the frequency dependence of the dielectric function ⑀ G,G Ј (q,). Recently we have performed GW calculations for small sodium clusters (Na 2 -Na 8 ) by using an all-electron mixed-basis approach and a full frequency integration. 18 In the present paper, we perform similar GW calculation for the quasiparticle energies of small lithium and potassium clusters as well as sodium clusters by using the GPP model. Since we perform spin-independent calculations, we focus on the clusters with an even number of atoms. For lithium and sodium clusters, we compare the present result with the result obtained by the numerical integration. The rest of this paper is organized as follows: The computational method is briefly described in Sec. II. For further details of the methodology, one may refer to Ref. 18 . In Sec. III, results and discussion for ͑A͒ lithium, ͑B͒ potassium, and ͑C͒ sodium clusters are presented separately. Section IV is devoted to some concluding remarks.
II. METHODOLOGY
We employ the all-electron mixed-basis approach, 19 which is a natural extension of the pseudopotential mixedbasis approach. 20 In this approach, a wave function is expanded by both plane waves and atomic orbitals in order to deal with the core electrons accurately. We use a Herman-Skillman 21 code on a radial logarithmic mesh to generate atomic orbitals. This approach has been successfully applied to crystals, molecules, and clusters. [22] [23] [24] [25] [26] . In the GWA, the one-electron self-energy ⌺() ͓defined apart from the Hartree potential Uϭ͐(rЈ)v(rϪrЈ)drЈ of the electron-electron Coulomb interaction v͔ is given by
where G and W denote, respectively, the one-particle Green's function and the dynamically screened Coulomb interaction;
and is a positive infinitesimal number. ͓For simplicity, we have suppressed the (r,rЈ) dependence of all quantities.͔ One can divide the self-energy into two parts; one corresponds to the bare-exchange energy
which can be evaluated as Eq. ͑9͒ of Ref. 18 . The remaining ⌺ c () is related to the correlation energy and represented by Eq. ͑11͒ of Ref. 18 ͓it is defined as the residue after ⌺ x is subtracted from Eq. ͑1͔͒. Writing the dielectric function and polarizability, respectively, as ⑀ and P, one can derive W ϭ⑀ Ϫ1 v from ⑀ϭ1Ϫv P. Usually, the polarizability P is evaluated under the random phase approximation.
In principle, the Dyson equation,
could be solved self-consistently, where T and V denote the kinetic energy operator and the Coulomb potential caused by the positive point charges of the nuclei, respectively. However, it is a very difficult task to solve the Dyson equation self-consistently. In addition, the self-consistent GW calculation does not always give reliable quasiparticle energies because the f-sum rule is not always guaranteed. 27 If one wants to get reliable quasiparticle energies, vertex corrections are needed. 27 In the present study, we use the LDA wave functions and eigenvalues to evaluate G and W from the viewpoint of perturbation theory. In determining quasiparticle energy within the GWA, one then has
where E n LDA and xc LDA are the LDA eigenvalue and exchange-correlation potential, respectively. Equation ͑4͒ has been widely used in the literature and is known to give good quasiparticle energies for moderately correlated electron systems. 12 The atomic configuration of the Li and Na clusters studied here is referred to in Refs. 28 -30 ͓see Fig. 1͑a͒ for Li clusters and Fig. 1 We also checked that those structures of lithium and sodium clusters are most stable by using an ab initio total energy method 31 with ultrasoft pseudopotentials. 32 Note that our optimized strucutres for Li 8 are different from that of Ref. 28 , but the same as that of Ref. 29 . For the potasium clusters, we obtained the optimized structure ͓Fig. 1͑b͔͒ by an ab initio total energy method 31 with ultrasoft pseudopotentials 32 within the LDA and a plane-wave basis. In the calculations, we employ a fcc supercell with a cubic edge of 50 and 70 a.u. for lithium and potassium clusters, respectively. In the calculation of ⌺ c (), 1471G(GЈ) for potassium or 645G(GЈ) for lithium clusters ͑both roughly corresponding to 1-Ry cutoff energy͒ are required to achieve a good convergency of within 0.1 eV ͑note that the size of the supercell of potassium cluster is larger than that of lithium clusters͒. For the evaluation of ⌺ x in Fourier space we need cutoff energy of 13-30 Ry to take into account the core contribution.
III. RESULTS AND DISCUSSION
In the present all-electron calculation, since xc contains core contributions, the core contribution to the exchange part ⌺ x of the self-energy cannot be ignored. In fact, for lithium dimer, the core contribution to the expectation value ⌺ x,n ϭ͗n͉⌺ x ͉n͘ for the HOMO state is about Ϫ0.7 eV, for example. On the other hand, the core contribution to the correlation part ⌺ c () can be ignored, because it is within the error bar ͑0.1 eV͒ of the present calculation. Figure 2 shows the absolute value of the calculated LDA eigenvalue and GWA quasiparticle energies for the HOMO ͑a͒ and LUMO ͑b͒ levels of lithium clusters ͓calculated with the GPP model and Eq. ͑4͔͒, compared with the experimental ionization potential ͑IP͒ 33 and electron affinity ͑EA͒. 34 Although the LDA eigenvalue underestimates the IP by about 30%-50%, the GW quasiparticle energies are in excellent agreement with the experimental IP. Similarly, although the LDA eigenvalue overestimates the EA by about 300% for lithium dimer, the GW quasiparticle energy reproduces experimental EA very well. Table I lists the separate contributions to the GW quasiparticle energies for the HOMO and LUMO levels of lithium clusters, as well as the final result (E n GWA ) calculated with Eq. ͑4͒. The listed contributions, E n LDA , xc,n LDA , ⌺ x,n , and 33, 34 with negative signs, corresponding to E n exp , are also listed in Table I . For comparison to the GPP model, we also performed the full numerical Ј integration of the self-energy in Eq. ͑1͒ for Li n (nϭ2, 4, 6, 8) . The technical details of this calculation are the same as those explained in Ref. 18 . The expectation value ⌺ c,n (E n LDA ) of the correlation part of the self-energy is evaluated with numerical integration and compared with the value evaluated with the GPP model in Table II . From Table   TABLE I . Contributions to the quasiparticle energies ͑in eV͒ for the HOMO and LUMO levels of lithium clusters are shown in comparison with the experimental ionization potential and the electron affinity with negative signs (E n exp )-Refs. 35 and 36. xc,n LDA ϭ͗n͉ xc LDA ͉n͘, ⌺ x,n ϭ͗n͉⌺ x ͉n͘, and ⌺ c,n (E n LDA ) ϭ͗n͉⌺ c (E n LDA )͉n͘ are the expectation values of, respectively, the LDA exchange-correlation potential, the exchange part ͓Eq. ͑2͔͒, and the correlation part of the self-energy ⌺. The final result E n GWA is evaluated through Eq. ͑4͒. II, we observe that as in previous studies for bulk systems the GPP model is a very good approximation to reproduce the electron self-energy.
A. Li clusters
In Table I , we note that ⌺ x,n of the HOMO level of lithium clusters is larger than that of potassium and sodium clusters ͑see Secs. III B and III C and Tables III and IV͒. This is because both the bond length and the core radius of Li clusters are smaller than those of K and Na clusters, leading to stronger overlap between the more localized wave functions.
One would expect that, as the cluster size is increased, the absolute value of ⌺ x,n of the HOMO level becomes smaller because the wave functions of the occupied levels become more delocalized, and that of the LUMO level becomes larger because overlap between wave functions of the HOMO and LUMO levels increases. This statement is approximately correct for Li n , Na n , and K n except for the case of nϭ4 where the structure is a spatially spread rhombohedron. Another exception is Li 8 , whose ⌺ x,n of the HOMO level is deeper than that of Li 4 and Li 6 and is comparable to that of Li 2 .
This irregular behavior of Li 8 may be attributed to its structure, the centered trigonal prism, 29 which is quite different from that of potassium and sodium clusters. Lithium atom has no p orbitals in occupied levels. This makes the energy of 2p orbitals deeper than that of sodium and potassium. Therefore, sp hybridization may take place more easily than the case of sodium and potassium. In the structure of Li 8 , the central atom's p orbitals are partially occupied and it is negatively charged with the charge of nearly Ϫe. The surface atoms are positively charged. Hence, the wave function of the HOMO level is localized at the central atom, and makes ⌺ x,n of the HOMO level of Li 8 relatively larger compared to those of the other clusters.
Concerning the correlation part of the self-energy, one should note that the absolute value of ⌺ c,n (E n LDA ) of the HOMO level is relatively small for Li 6 and Li 8 . This can be attributed again to the localized character of the HOMO wave function, because screening becomes ineffective for short distances in the region where the wave function is localized.
To see the sensitivity of the quasiparticle energies to the structural geometry, we performed also the GW calculation for Li 8 with T d symmetry, which is referred to in Ref. 29 . Obtained IP for this cluster is about 4.5 eV and less agreement with experiment as in the result given in Ref. 7 . This structure is not stable energetically. Table III lists each contribution to the GW quasiparticle energy in the case of potassium clusters, as is the same way in Table I . For comparison, the experimental IP and EA ͑Refs. 35 and 36͒ with minus signs are also shown in Table I . Again, the absolute value of the HOMO ͑LUMO͒ level energy corresponds to the IP ͑EA͒. Similar to lithium clusters, LDA eigenvalues underestimate the IP by about 30%-50% and overestimate the EA by about 200%-300%. The agreement between the present GW result and experimental data is much better ͑although not as good as the result for lithium clusters presented in Sec. III A͒.
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B. K clusters
From Table III , it is seen that absolute value of ⌺ x,n of the HOMO level becomes smaller with increasing cluster size ͑except for K 4 with a rhombohedron structure͒, while that of the LUMO level remains almost the same except for K 8 . The same tendency is also seen in sodium clusters 18 and the reason for this trend was already explained in Sec. III A. The reason why ⌺ x,n of the LUMO level is deeper in K 8 may be explained as follows ͑see also Ref. 18͒: The geometry of K 8 is D 4d , which is the same as that of Na 8 in Ref. 18 . The representation of the LUMO level is given by 1E 3 and is similar to that of the HOMO and HOMOϪ1 levels whose representations are given by 1B 2 and 1E 1 , respectively. Because of this fact, overlap of these three states is large, and, therefore, ⌺ x,n of K 8 of the LUMO level is deeper than that of the other potassium clusters studied here. 
C. Na clusters
Since we presented explicit values of each contribution to the GW quasiparticle energy of sodium clusters already in Table II of our previous paper, 18 we do not present them here again. All the contributions are the same in the present study except for ⌺ c,n (E n GWA ), which was evaluated with the full numerical integration in Ref. 18 and now is evaluated with the GPP model.
In first column of Table IV , ⌺ c,n calculated with the GPP model is compared with corresponding value calculated with the full frequency numerical integration ͑inside the parentheses͒. From this, we see that the difference between the GPP model and the numerical integration is at most 0.15 eV.
The final quasiparticle energies (E n GWA ) are shown in the next colomn in Table IV . Here, the values in parentheses are results from numerical integration. The experimental IP and EA with negative signs (E n exp ) [35] [36] [37] are also shown for comparison.
IV. CONCLUDING REMARKS
We have carried out GW calculations for small lithium, sodium, and potassium clusters by using the GPP model to evaluate the self-energy. Using the all-electron mixed-basis approach, we found that in an all-electron calculation the core contribution is essential in the evaluation of the exchange part ⌺ x of the self-energy, although it can be ignored in the evaluation of the correlation part ⌺ c . The GPP model turns out to be a fairly good approximation. It reproduces the value of the numerical integration ͑1͒ with an error of 0.15 eV at most. Although the LDA eigenvalue underestimates the experimental ionization potential and overestimates the electron affinity, the GW quasiparticle energy obtained in the present study is in good agreement with avaiable experimental data for all clusters. The overall cluster-size dependence of the IP and EA is similar between potassium and lithium clusters, but the exchange and correlation contributions to the self-energy ͓i.e., ⌺ x,n and ⌺ c,n (E n LDA )) are different between the two species. As discussed in Sec. III, the behavior of each contribution is well understood in relation to the cluster size and structure. 
